(1) What is the sum of all the distinct positive two-digit factors of 1447

(2) Jan is thinking of a positive integer. Her integer has exactly 16 positive
divisors, two of which are 12 and 15. What is Jan’'s number?

(3) A positive number is called n-primable if it is divisible by n and each of its
digits is a one-digit prime number. How many 3-primable positive integers are there that
are less than 10007

(4) The letters of the alphabet are given numeric values based on the two

conditions below.

e Only the numeric values of —2, —1,0,1 and 2 are used.

e Starting with A and going through Z, a numeric value is assigned to each letter
according to the following pattern:

1,2,1,0,-1,-2,-1,0,1,2,1,0,-1,-2,-1,0, ....

Two complete cycles of the pattern are shown above. The letter A has a value of 1, B
has a value of 2, F has a value of —2 and Z has a value of 2. What is the sum of the
numeric values of the letters in the word “numeric”?

(5) What is the digit in the tens place when 72°%° is expressed in decimal
notation?
(6) We know the following to be true:
1. Z and K are integers with 500 < Z < 1000 and K > 1;
2. 7 =K x K2,

What is the value of K for which Z is a perfect square?

(7) Ten cards are numbered and lying face up in a row, as shown. David turns
over every card that is a multiple of 2. Then he turns over every card that is a multiple of
3, even if the card had been turned over previously and is currently face down. He continues
this process with the multiples of 4 through 9. How many cards are then face up?
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(8) A segment has endpoints P(1, 1) and Q(x, y). The coordinates of the
midpoint of segment PQ are positive integers with a product of 36. What is the maximum
possible value of x7

(9) Some positive integers have exactly four positive factors. For example, 35
has only 1, 5, 7 and 35 as its factors. What is the sum of the smallest five positive integers
that each have exactly four positive factors?

(10) The "roundness” of an integer greater than 1 is the sum of the exponents
of the prime factorization of the number. For example, 20 = 22 x 5!, so 20 has a
roundness of 3. What is the roundness of 1,000,0007

(11) Zach has three bags and a bunch of pencils to be placed into the bags. He is
told to place the greatest number of pencils possible into each of the three bags while also
keeping the number of pencils in each bag the same. What is the greatest number of
pencils he could have left over?

(12) Two 12-hour clocks each start at exactly 6 o'clock. One clock loses one
minute every hour, and the other clock gains one minute every hour. In how many days will
the clocks show the same time as each other again?

(13) It is now 12:00:00 midnight, as read on a 12-hour digital clock. In 122 hours,
39 minutes and 44 seconds the time will be A: B : C. What is the value of A+ B+ C?

(14) A two-pan balance scale comes with a collection of weights. Each weight
weighs a whole number of grams. Weights can be put in either or both pans during a
weighing. To ensure any whole number of grams up to 100 grams can be measured, what
is the minimum number of weights needed in the collection?

(15) What is the units digit of the quotient when 10! is divided by 527

(16) What is the last digit of the decimal expansion of 557?



(17) Diane wants to arrange her collection of 96 bottle caps into a rectangular
grid rather than keep them in the line of 96 bottle caps she has now. How many distinct,
rectangular-grid arrangements could she use instead of the 1 by 96 grid of bottle caps she
has now? One such arrangement is 3 by 32, which is considered the same as 32 by 3.

(18) One gear turns 33% times in a minute. Another gear turns 45 times in a
minute. Initially, a mark on each gear is pointing due north. After how many seconds will
the two gears next have both their marks pointing due north?

(19) How many two-digit primes have a ones digit of 17

(20) What is the arithmetic mean of all of the positive two-digit integers with the
property that the integer is equal to the sum of its first digit plus its second digit plus the
product of its two digits?

(21) When a positive integer is divided by 7, the remainder is 4. When the same
integer is divided by 9, the remainder is 3. What is the smallest possible value of this
integer?

(22) What is the remainder when 1,234,567,890 is divided by 997

(23) Let (a x b x c)+ (a+ b+ c) = 341 be an equation where a, b and ¢ are

consecutive positive integers. What is the least possible value of a7

(24) How many perfect squares less than 1000 have a ones digit of 2, 3 or 47
(25) What is the ones digit of 73> when written as an integer?
(26) What is the sum of all positive integers less than 100 that are squares of

perfect squares?

(27) How many positive whole-number divisors does 196 have?



(28) When the single digit D is written at the end of the positive two-digit
integer XY, with tens digit X and ones digit Y/, the resulting positive three-digit integer
XY D is 619 more than the original integer XY. What is the value of the three-digit
integer XY D?

(29) What is the 2007 digit to the right of the decimal point in the decimal
expansion of 27

(30) The positive difference of the cube of an integer and the square of the same
integer is 100. What is the integer?
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Answer Sheet

Number Answer Problem ID
1 226 2242
2 120 3D02
3 28 integers 2A422
4 -1 031
5 0 2531
6 9 2A33
7 4 cards 2451
8 71 034B
9 53 10C1
10 12 24D1
11 2 pencils 0031
12 15 days 42A1
13 85 B042
14 5 weights C351
15 2 4B012
16 5 2101
17 5 arrangements 0AA
18 36 seconds 1A1
19 5 primes 2CB
20 59 5342
21 39 BB4C
22 72 BCO01
23 31 4D02
24 6 squares C2D5
25 3 0BO1
26 98 C2
27 9 divisors 43112
28 687 A25
29 2 1401
30 5 4242
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(1)

(2)

Solutions

226 ID: [2242]
Prime factorize 144 = 2% .32 The sum of the positive two-digit factors of 144 is
24 +2.32422.3422.32423.3423.32 4 24.3=[226]

120 ID: [3D02]

Call Jan's number J. 12 =22-3 and 15 =3 -5, so J has at least two factors of 2, one
factor of 3, and one factor of 5 in its prime factorization. If J has exactly two factors of 2,
then the prime factorization of J is of the form 22-37-5°.... Counting the number of
positive factors of this yields (24 1)(a+ 1)(b+ 1) --- = 3k, where k is some integer. But
we know J has 16 factors, and since 16 is not divisible by 3, 16 # 3k for any integer k. So
J cannot have exactly two factors of 2, so it must have at least 3. This means that J is
divisible by 2% -3 -5 =120. But 120 already has (3 + 1)(1+ 1)(1 + 1) = 16 factors, so J
must be (or else J would have more than 16 factors).



(3)

(4)

28 integers ID: [2A422]

The one-digit prime numbers are 2, 3, 5, and 7. A number is divisible by 3 if and only if the
sum of its digits is divisible by 3. So we want to count the number of ways we can pick
three or fewer of these digits that add up to a multiple of 3 and form a number with them.
We will use modular arithmetic. Of our allowable digits, 3=0,7=1, 2 =2 (mod 3), and
5=2 (mod 3). The ways to add up 3 or fewer numbers to get 0 modulo 3 are shown:

(a) 0

(b) 0O+ 0

(c)1+2

(d)O+0+0

(e)1+1+1

(f)2+2+2

(g90+1+2

We will count the number of 3-primable integers each case produces:

(a) There is 1 number, 3.

(b) There is 1 number, 33.

(c) One of the digits is 7, and the other digit is either 2 or 5. So there are 2 choices for
this digit, and once the digit is chosen, there are 2 ways to arrange the digits of the
3-primable number (for example, if we choose the digit 2, then we could either have
72 or 27). So there are (2)(2) = 4 numbers in this case.

(d) There is 1 number, 333.

(e) There is 1 number, 777.

(f) Each of the three digits is either 2 or 5. This gives 23 = 8 numbers.

(g) One of the digits is 3, one of the digits is 7, and the other digit is either 2 or 5. Once
we choose either 2 or 5, there are 3! = 6 ways to arrange the digits of the 3-primable
number. So there are 2(6) = 12 numbers in this case.

So in total, our answer is 1+1+4+1+1+8+12:.

-1 ID: [031]
The cycle has length 8. So the numeric value of a letter is determined by its position within
the alphabet, modulo 8. So we determine the positions of all the letters in the word and
use them to find the values:

n is the 14th letter. 14 (mod 8) = 6, so its value is —2.

u is the 21st letter. 21 (mod 8) = 5, so its value is —1.

m is the 13th letter. 13 (mod 8) =5, so its value is —1.

e is the 5th letter. 5 (mod 8) =5, so its value is —1.

ris the 18th letter. 18 (mod 8) = 2, so its value is 2.

i is the 9th letter. 9 (mod 8) =1, so its value is 1.

c is the 3rd letter. 3 (mod 8) = 3, so its value is 1.

The sumis (—2) + (=1) + (=1) + (-1)+2+ 1+ 1=[-1]



(5) 0 ID: [2531]

(6)

(7)

Let's find the cycle of the last two digits of 77, starting with n=1 :
07,49,43,01,07,49,43,01, ... . The cycle of the last two digits of 7" is 4 numbers long:
07, 49, 43, 01. Thus, to find the tens digit of 77 for any positive n, we must find the
remainder, R, when n is divided by 4 (R = 0 or 1 corresponds to the tens digit 0, and

R = 2 or 3 corresponds to the units digit 4). Since 2005 + 4 = 501R1, the tens digit of

72005 is [g]

9 ID: [2A33]

From the second fact, we know that Z = K3. Z is a perfect square if K3 is a perfect
square, so Z is the sixth power of some integer. Since 500 < Z < 1000, the only value of
Z that works is Z = 3° = 729. Thus, K = v/729 =[9]

4 cards ID: [2451]
No solution is available at this time.

71 ID: [034B]
Using the midpoint formula, we can see that the coordinates of the midpoint of segment
PQ will be (% %1) The product of these coordinates must equal 36, so we have:

(x+1y+1)
2.2
(x+1)(y+1) =144
In order to maximize x, we let the term (x + 1) equal the largest factor of 144, so
(x+1) =144, and (y + 1) = 1. However, this implies that y = 0 which is not a positive
integer. Thus, we let (x + 1) equal the next largest factor of 144, which is 72. We then
have:

=36

(x+1)=72
(v+1)=2
x=71,y=1

Thus, the largest possible value of x is .



(9) 53 ID: [10C1]
The positive integers with exactly four positive factors can be written in the form pq,
where p and g are distinct prime numbers, or p3, where p is a prime number.
Using this, we can see that the smallest five positive integers with exactly four positive
factorsare 2-3=26,23=8,2-5=10,2-7 = 14, and 3-5 = 15. Summing these
numbers, we get 6 +8+ 10+ 14 + 15 = .

(10) 12 ID: [24D1]
1,000,000 = 10° = (2-5)° = 2°.5° The roundness of 1,000,000 is therefore 6 + 6 =[12]

(11) 2 pencils ID: [0031]
If Zach has three or more pencils left over, then he can add another pencil to each bag.
Therefore, Zach can have at most | 2] pencils left over.

(12) 15 days ID: [42A1]
No solution is available at this time.

(13) 85 ID: [B042]
Since the clock reads the same time every 12 hours, we find the remainder after dividing
122 hours by 12 hours, which is 2 hours. Counting forward from midnight, the clock will

read 2:39:44, so A+ B+ C =[85].

(14) 5 weights ID: [C351]
No solution is available at this time.

(15) 2 ID: [4B012]
No solution is available at this time.



(16)

(17)

(19)

(20)

5 ID: [2101]

: . 1 1 . :
Multiply numerator and denominator of 510 by 510 to see that 510 is equal to %. This
shows that the decimal representation of 510 is obtained by moving the decimal point ten

places to the left in the decimal representation of 5!°. Since 5!° has a units digit of 5 (as
does every positive integer power of 5), we find that the last digit in the decimal expansion

I
ofﬁls.

5 arrangements ID: [0AA]
No solution is available at this time.

36 seconds ID: [1A1]

One gear turns 33% = 100/3 times in 60 seconds, so it turns 5/9 times in one second, or 5
times in 9 seconds. The other gear turns 45 times in 60 seconds, so it turns 3/4 times in
one second, or 3 times in 4 seconds. To find out after how many seconds the two gears
next have both their marks pointing due north, we have to find the least common multiple
of 4 =22 and 9 = 32, which is 22 - 3 = 36. Therefore, the two gears next have both their
marks pointing due north after seconds. (One gear turns exactly 5 x 4 = 20 times, and
the other gear turns exactly 3 x 9 = 27 times.)

5 primes ID: [2CB]

To answer this question, we instead count the number of primes among the 9 two-digit
positive integers whose ones digit is 1. These primes are 11, 31, 41, 61, and 71.
Therefore, two-digit primes have a ones digit of 1.

59 ID: [5342]

Let AB be a two-digit integer with the property that AB is equal to the sum of its first
digit plus its second digit plus the product of its two digits. Thus we have

10A+ B=A+ B+ AB < 9A = AB. Now since AB is a two-digit integer, A # 0, so we
can divide both sides by A to get 9 = B. Therefore, 19, 29, 39, 49, 59, 69, 79, 89, and 99

9(19+99)

all have the property. Their arithmetic mean is —2— = 2122 = [59].



(21) 39 ID: [BB4C]

First, let our number equal n. From the given remainders, we know that n must be 4 more
than a multiple of 7 and 3 more than a multiple of 9:

n=7x+4

n=9y+3
From this, we find:

X+4=9y+3

X+ 1=09y
So, we need to find a value of x such that 7x 4+ 1 is a multiple of 9. Starting from x =1,
we can write the first few values of 7x + 1:

8,15, 22,29, 36,43, 50, ...

Quickly, we see that 36 is a multiple of 9. This occurs when x =5 and y = 4. Then, our
value of n will be n = 7-544 =[39]. Checking this, the remainders is 4 when divided by 7
and 3 when divided by 9.

(22) 72 ID: [BCO1]
We can write 1234567890 as

12-10%8 +34-10°% 4+ 56 - 10* + 78 - 10 + 90.

Note that
108 — 1 = 99999999 = 99 - 1010101,

is divisible by 99, so 12 - 10® — 12 is divisible by 99.
Similarly,
10° — 1 = 999999 = 99 - 10101,
10* — 1 =9999 = 99 - 101,
10°—1=99=099-1
are also divisible by 99, so 34 - 10° — 34, 56 - 10* — 56, and 78 - 10?2 — 78 are all divisible by

99.
Therefore,

12-10% +34-10°+56-10* 4 78-10% + 90 — (12 + 34 + 56 + 78 4 90)

is divisible by 99, which means that 1234567890 and 12 + 34 4+ 56 + 78 4+ 90 leave the
same remainder when divided by 99.
Since 12 + 34 + 56 + 78 + 90 = 270 = 2 - 198 + 72, the remainder is [72]



(23)

(24)

(26)

(27)

(28)

31 ID: [4D02]
Since a, b, ¢ are consecutive integers, we have thata=b—1land c=b+ 1. So
a+ b+ c =3b. Thus the given equation becomes 33—’f =341, or ac =31-33. So c =33

and a =1[31]

6 squares ID: [C2D5]

Checking the squares from 12 to 102, we see that no squares end in 2 or 3, while a square
ends in 4 if its square root ends in 2 or 8. Since 312 < 1000 < 322, we see that the squares
less than 1000 ending in 4 are 2,8, 12, 18,22,28. Thus the desired answer is @

3 ID: [0BO1]

Let's find the cycle of ones digits of 7”7, starting withn=1:7,9,3,1,7,9,3,1,.... The
cycle of ones digits of 7”7 is 4 digits long: 7, 9, 3, 1. Thus, to find the ones digit of 7" for
any positive n, we must find the remainder, R, when n is divided by 4 (R = 1 corresponds
to the ones digit 7, R = 2 corresponds to the ones digit 9, etc.) Since 35 + 4 = 8R3, the

ones digit of 73° is [3].

08  ID: [C2]
Squares of perfect squares are fourth powers. 1* =1, 2% = 16, and 3* = 81 are the only
fourth powers less than 100. Their sum is 14 16 + 81 =[98]

9 divisors ID: [43112]

First prime factorize 196 = 22 - 72. The prime factorization of any divisor of 196 cannot
include any primes other than 2 and 7. We are free to choose either 0, 1, or 2 as the
exponent of 2 in the prime factorization of a divisor of 196. Similarly, we may choose 0, 1,
or 2 as the exponent of 7. In total, there are 3 x 3 = 9 possibilities for the prime
factorization of a divisor of 196. Distinct prime factorizations correspond to distinct
integers, so there are [9] divisors of 196.

687 ID: [A25]

We are given XY D = 619 + XY. Examining hundreds digits, we know that X is 5 or 6.
Examining tens digits, on the right side we cannot have carrying into the hundreds digit, so
X =6, and thus Y is 7 or 8. However, we see that the sum on the right side must have
carrying into the tens digit, so Y = 8. Finally, D = 7 is trivial. Thus XY D = .



(29) 2 ID: [1401]
The decimal representation of % is 0.142857, which repeats every six digits. Since 2007
divided by 6 has a remainder of 3, the 2007t digit is the same as the third digit after the
decimal point, which is [2].

(30) 5 ID: [4242]
Let n be the positive integer such that n* — n? = 100. Factoring, we have
n?>(n—1) = 100 = 102. From this we see that n — 1 must be a perfect square. n —1 = 12
is too small, but n—1 =22 =4 works: (4+1)2 x4 =25x4=100. Thus, n= .
(Clearly, bigger perfect square values for n — 1 do not work, and if we assume that n is
negative, we get no solutions.)
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